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Abstract. We propose a non-perturbative criterion to investigate whether supersymmetric lattice gauge theo- 
ries preserving partial SUSY can have the desired continuum limit or not. Since the target continuum theories 
of the lattice models are extended supersymmetric gauge theories including the topological field theory (TFT) 
as a special subsector, the continuum limits of them should reproduce the properties of the TFT. Therefore, 
whether the property of the TFT can be recovered at the continuum limit becomes a non-perturbative criterion. 
Then we accept it as a criterion. In this paper, among the topological properties, we investigate the BRST coho- 
mology on the two dimensional ./K = (4, 4) CKKU lattice model without moduli fixing mass term. We show 
that the BRST cohomology in the target continuum theory cannot be realized from the BRST cohomology 
on the lattice. From this result, we obtain the possible implication that the ,y\^ = (4, 4) CKKU model cannot 
recover the target continuum theory if the non-perturbative effects are taken into account. 

PACS. 11. 15. Ha Lattice gauge theory - 12.60.Jv Supersymmetric models 



1 Introduction 

Supersymmetry is one of the main subjects in the particle 
physics. The supersymmetric gauge theories exhibits a va- 
riety of complex non-perturbative phenomena which have 
been vigorously investigated. For example, there are many 
analytic studies about the Seiberg-Witten theory |[l] and 
AdS/CFT duality [2 |. Such approaches to non-perturbative 
physics are based on the property of duality. We can learn 
much more from the numerical study using the lattice for- 
mulation, which is more universal method, since the method 
would enable us to calculate any observables. 

In spite of the need for supersymmetric lattice model, 
the construction of the lattice formulation applicable to the 
numerical study is difficult. Since the supersymmetry in- 
cluding the infinitesimal translation in its algebra is bro- 
ken on the lattice which breaks the translational invariance, 
the ordinary lattice formulations suffer from the fine-tuning 
problem. Fine-tuning problem is the difficulty to recover 
the target continuum theory when the quantum effects are 
taken into account, and it makes the computation time too 
huge to perform the practical numerical calculation. 

To solve the fine-tuning problem, several lattice gauge 
theories which preserve partial supersymmetry on the lat- 
tice are proposed 1 3 4 5 6 1 recently. They utilize the topo- 
logical twisting which is picking up a set of supersymmetry 
generators which does not include the infinitesimal transla- 
tion in its algebra. In this way, partial supersymmetry can 
be preserved on the lattice. 
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It is very important to investigate whether the models 
really solve the fine-tuning problem or not. To do it, we 
should investigate whether they recover the target contin- 
uum theories or not. In the perturbative level, such investi- 
gations have done well. (For example |7|) But, on the other 
hand, there is not a sufficient study which takes the non- 
perturbative effects into consideration. Then we will non- 
perturbatively examine whether the models reaUy solve the 
fine-tuning problem or not. 

2 The proposed non-perturbative 
criterion 

Note that the models can be regarded as the lattice regu- 
larization of the topological field theory (TFT). This is be- 
cause preserved supercharges on the lattice are equivalent 
to the BRST charge in the TFT obtained by the topolog- 
ical twisting. The target continuum theories of these lat- 
tice models are extended supersymmetric gauge theories 
including the TFT as a special subsector. Therefore the 
topological field theory in the continuum theory must be 
recovered in the continuum limits if the lattice models re- 
ally recover the target continuum theories. 

In this work, among the several properties of the TFT, 
we investigate the behavior of the BRST cohomology |8|. 
The BRST cohomology is defined with the vacuum ex- 
pectation value {^) of an operator vanishing under the 
operation of the BRST charge Q (BRST closed) but not 
BRST exact. The BRST exact is a quantity written by the 
2-operation of a gauge invariant quantity. We can obtain 
the {^7) exactly by the semi-classical approximation since 
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the quantity (ff) is independent of the gauge couphng due 
to the property of the Hilbert space of the TFT. Namely, 
(^) can be regarded as one of the non-perturbative quanti- 
ties. Therefore, by examining whether the BRST cohomol- 
ogy in the continuum theory can be recovered at the con- 
tinuum Hmit or not, we can non-perturbatively investigate 
whether a lattice model can recover the continuum theory 
or not. 

In this paper, we consider whether o/K = (4,4) two di- 
mensional CKKU model [3 1 really have the desired contin- 
uum limit or not. To do it, we study the BRST cohomology 
on the lattice. Then we compare the BRST cohomology on 
the lattice with the BRST cohomology in the continuum 
theory, and we consider whether the BRST cohomology in 
the target theory really recovered in the continuum limit. 
From this study, we consider whether the target theory is 
recovered in the continuum limit or not. 



3 The BRST cohomology in the target 
theory. 

To make a comparison between the BRST cohomology in 
the target continuum theory and the ones on the lattice, we 
should explain the BRST cohomology in the target contin- 
uum theory. The action of the continuum theory is written 
by the BRST exact form as described at the eq. (5.1) in the 
paper f9|. The BRST transformation law of the continuum 
theory is given at the eq. (5.2) in the paper ||9l- Among the 
transformation laws in the eq. (5.2), we describe the trans- 
formation laws 
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here, since we use these transformation laws to create the 
BRST cohomologies in the continuum theory. In eq. ([U, 
v^j denotes the gauge field and the y/u denotes the BRST 
partner of the gauge field. 

In the continuum theory, the BRST cohomologies are 
composed by (p, and y/^ at least. To compose the BRST 
cohomologies by these fields, we can utilize the 'decent 
relation' proposed by Witten [lO]. Let us prepare the dif- 
ferential 0-form, 1-form and 2-form operator set 



#) = Tr(^>\lf, 

#2 = Tr<p{dv + V A v) + i/aA i/a, 



(2) 



where \/a and v are differential 1-form denoted by i/a 
xj/^dx^ and v = Vf^dx^. Here d denotes the exterior deri\ 
tive. The set satisfies the following the 'decent relation' 



Qn - 0, 
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(3) 
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Utilizing this property, the BRST closed operators can 
be constructed by the integral of Wk (fc = 1,2) over the k 
dimensional homology cycle yi^. 



&k = / n- 

■hk 



(5) 



We can confirm that these operators are BRST closed by 
the explicit calculation, 



Q^k = Q[ n = [ dW-i^ I 

hk JYk JdYk 



=0, 



(6) 



since any homology cycle does not have boundaries. Also 
the Wq can be regarded as the BRST closed operators due 
to the transformation law Q<p = 0. 

These fff, are BRST cohomologies although they are 
formally written by the BRST exact form. 



gTrv/Av. 



(7) 



The operators Tr^v and Try/ A v are not gauge invariant. 
The BRST exact quantities are defined by the Q-operation 
of gauge invariant quantities. Therefore these ffi and ^2 
are not BRST exact but BRST closed quantities, namely the 
BRST cohomologies. Here, please note that the Q-operation 
changes the gauge transformation laws as 



(8) 
(9) 



This property plays an important role to create the gauge 
invariant BRST cohomology from the Q-operation of the 
gauge variant quantity. 



4 The BRST cohomology on the two 
dimensional ^ = (4,4) CKKU lattice 
model. 

Next, let us consider the BRST cohomology on the two di- 
mensional jy = (4,4) CKKU lattice model without moduli 
fixing mass term. The action of the lattice model is writ- 
ten at eq. (3.14) in |3|, and the preserved supercharges and 
their transformation laws are given by eqs. (3.2), (3. 3), (3.5) 
and (3.6) in Q. The action can be written by the equiva- 
lent BRST exact form described in eq. (2.14),(2.15) in |9], 
where the BRST charge is given by the the linear combi- 
nation of the original superchrages as eq. (2.11) in ||9l- In 
fact, also the BRST exact action eq. (3.6) in |[8| is com- 
pletely equivalent to eq. (2.11) in One can check the 
equivalence by identifying the fields as follows 



Xl ^ V2zi,n, 
Yn ^ \/2z2,n, 

^ x/2z2,„, 

Xn ^ V2Xn, 

^ V2G„, 

0„ \/2z3,n. 



An^\/2V/I,n, 

— V2^2,n, 
An ^ \/2v/2,n, 

TJn^ V2(V/3,n- 

X^^ ^ V2^3,„, 

- An), ^ —da, 



An), (10) 



In this paper, we use the BRST exact form eq. (3.7) in ^ 
of the CKKU lattice action. 
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S = Tr 



:r]r,[^n.^«]+X«{H„~iS„) 



+A„^_i(^n-i^'n-^'„-i^n-i) 

+A„(y„+^„-^„+jy„+) 

+^„^-i(^n-ji'„-^„-ji'„-j) 



(11) 



In the tree level, the continuum limit of the eq. (3.7) in 
O becomes the topological field theory action eq. (3.11) 
(or eq. (5.1) in ||9l), which is equivalent to the two dimen- 
sional ,yV = (4,4) super Yang-Mills theory. In the contin- 
uum limit, the lattice field variable becomes the field 
(j) in the continuum theory, and the gauge fields come 
from the bosonic link fields X,X\Y,Y'. The BRST part- 
ner of the gauge fields xj/^ come from the fermionic link 
field, X,X\X,X\ For later use, we distinguish the degree 
of freedom as the two part {^"11}, which is the set composed 
only by the field (p, and the set An which is composed by 
the other fields. 

The BRST transformation laws ai^e given in eq. (3.7) in 

ID, 

QXn = An, QXn = ^n^n - ^n^„+i, 

QYn = An, GAn = ^n^n " ^'n^n+j , 

QH^ = ^nZn^ - Zn^^n+i+j , QX^ = , 

e^n=o. 

(12) 

Note that this is a homogeneous transformation of A„. There- 
fore, the transformation can be written as the tangent vector 



d ^ ^ d % d 7; + d 
oX„ dXi oY„ dY^ 

-il'nXn^ - Xn^ ^n-i-j ) ^^^^ + ^In ^ 



d<Pn 



-(^„X„ -X„^„+i)^ + i<PnX^~X^<P„_i)^ 



+Hn.^ + [^n,^„]^ 



dXl 
(13) 



From this property, if we introduce another fermionic op- 
erator written by the tangent vector 

n dll dXn dX^ 



Xn ' 



dHn' 



(14) 



we can construct the number operator N^g/, which count the 
number of fields in the set An, by the anti-commutation re- 
lation, 

d ,+ <3 7. d -x i d 
aX„ dll dK <9An 

- d d d d 
+"^11^7^ +Hn ■ 3— + ri„- h Xn ■ 3 — 

d<P„ dHn drin dXn 

= N^. (15) 

Please note that any function of the field variables can be 
written in terms of a sum of eigenfunction h of N^^, namely 



«^e{0}UN, 



(16) 

since any term in the function h has definite number of 
fields in the set jz/n- In addition to this homogeneous prop- 
erty of the BRST charge Q, this Q does not change the 
gauge transformation law opposite to the continuum the- 
ory case. One can confirm it by checking that each field 
resides on the same link or site as its corresponding BRST 
partner described in the right hand sides of the BRST trans- 
formation laws eq. (3.7) in |8| respectively (see also Fig. 1 
in El). 

From these properties of BRST charges, we can see that 
BRST cohomology must be composed only by on the 
lattice. We will show it. First, let us consider the BRST 
closed function h^. satisfying Qh^. = 0. From the property 
eq. (fTST i, also he can be decomposed by the sum of eigen- 
functions of the operator .^Vc/, 



n,//=0 



(17) 



Since the BRST operator is homogeneous transformation 
which does not change the number of fields in jz/n, the 
BRST operator Q commutes with the number operator .^Vj/, 
namely 

[Q,N^]^0. (18) 

Then, if Qhc = 0, each eigenfunction /zc,m^ composing the 
function he must be BRST closed, 

Qh, = ^ Qh,,„^ = 0, («^ e {0} U N). (19) 

The BRST closed eigenfunctions /ie,n^ with non-zero eigen- 
value n_c/ 7^ can be formally written as the BRST exact 
form since 

= n^'A'i//!c,«^ ^n^^{Q,Q}hc.n^ = n^^QQhc.n,^- 

(20) 

Here the Q-operation does not change the gauge transfor- 
mation law. Then, in the eq. (|20] |. Q/it.n^y must be gauge 
invariant if the function hc,,,^^ is a gauge invariant function. 
Therefore, in the BRST closed function h^, BRST closed 
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non-zero eigenfunction /icn^y must be BRST exact. Finally, 
we can see that the only the zero eigenfunction hcfi, which 
is the polynomial composed only by <P, can be the BRST 
cohomology among the eigenfunctions. This is the end of 
proof. 

The above situation stands for any lattice spacing. This 
tells that the BRST cohomology must be composed only by 
no matter how the lattice spacing is small, namely even 
in the continuum limit. Therefore the BRST cohomology 
in the target continuum theory, which are composed not 
only by (j) but also by gauge fields and their partners 
i/^, cannot be realized from the BRST cohomology on the 
lattice. Finally, we obtain the possible implication that the 
^ ~ (4,4) CKKU lattice model cannot realize the desired 
target continuum theory. 

4.1 A reason why the BRST cohomology cannot 
be realized on the lattice 

Among the BRST cohomologies in the target theory, the 
quantities composed by and y/^, which are 1-form and 
2-form operators and d'2, are defined by the inner prod- 
uct of the homology cycle and its dual cohomology of the 
base manifold. Such inner products are topological quanti- 
ties which are invariant under the infinitesimal transforma- 
tion of the base manifold. It is generally difficult to con- 
struct such a topological quantities on the lattice. On the 
lattice, gauge symmetry are defined with the gauge param- 
eter which are completely independent of the parameter on 
the neighbor sites. Such a property of the lattice gauge sym- 
metry admits the singular gauge transformation which pre- 
vents from the realization of the topological quantities on 
the lattice. Therefore we could not obtain the BRST coho- 
mologies which are composed by and xj/^. 

Inhomogeneous term ' d^g in the eq. ([8]) are removed 
from the gauge transformation law of the corresponding 
link gauge fields due to the property of lattice gauge sym- 
metry. By this property, Q on the lattice does not change 
the gauge transformation law. Also it would be the reason 
why it is impossibility to create the BRST cohomology on 
the lattice. 



5 Conclusion and discussion. 

In this paper, we have investigated whether the supersym- 
metric lattice model, which is the two dimensional = 
(4,4) CKKU supersymmetric lattice model, really recovers 
the target theory or not through the examining whether the 
property of the TFT are really recovered in the continuum 
limit or not. As the first step, we estimate the situation by 
the comparison between the BRST cohomology on the two 
dimensional ^ = (4,4) CKKU lattice and the BRST co- 
homology in its target continuum theory. By this study, we 
have understood that the BRST cohomology in the target 
continuum theory cannot be realized from the BRST coho- 
mology on the lattice. This implies that there is a possibility 
that the CKKU lattice model cannot realize the desired tar- 
get continuum theory in the continuum limit. 

Moreover, we consider the reason of the impossibility. 
The reason of the impossibility would be that the BRST 



cohomology is a topological quantity defined by the inner 
product of the homology cycle and its dual cohomology. 
Such a topological quantity is generally difficult to be re- 
alized on the lattice since the gauge symmetry on the lat- 
tice admits the singular gauge transformation which pre- 
vents us from defining the topological quantity on the lat- 
tice. From this observation, we can guess that also other 
models like |5 6| might be difficult to recover the desired 
target theories. But, from this, we could obtain the valu- 
able strategy to develop the lattice formulation which can 
easily recover the desired target continuum theory, namely 
the formulation applicable to the numerical study. We pro- 
pose that we should apply the Admissibility condition | fO 
etc, which enables to define the topological quantity like 
the chiral anomaly, to define the BRST cohomology on the 
lattice and to recover the desired target theory. 
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